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The model under consideration is an asymmetric two-dimensional Coulomb gas
of positively (q1=+1) and negatively (q2=−1/2) charged pointlike particles,
interacting via a logarithmic potential. This continuous system is stable against
collapse of positive-negative pairs of charges for the dimensionless coupling
constant (inverse temperature) b < 4. The mapping of the Coulomb gas is made
onto the complex Bullough–Dodd model, and recent results about that inte-
grable 2D field theory are used. The mapping provides the full thermodynamics
(the free energy, the internal energy, the specific heat) and the large-distance
asymptotics of the particle correlation functions, in the whole stability regime of
the plasma. The results are checked by a small-b expansion and close to the
collapse b=4 point. The comparison is made with the exactly solvable symme-
tric version of the model (q1=+1, q2=−1), and some fundamental changes in
statistics caused by the charge asymmetry are pointed out.

KEY WORDS: Two-dimensional Coulomb gas; exactly solvable models;
Bullough–Dodd model; thermodynamics; pair correlation functions.

1. INTRODUCTION

A two-dimensional (2D) Coulomb plasma is the continuous system of
charged particles, plus perhaps a uniformly charged neutralizing back-
ground, confined to a plane and interacting via the logarithmic Coulomb
potential. In this paper, the classical equilibrium statistical mechanics at the
(dimensionless) inverse temperature b is studied. We will restrict ourselves
to the simple point-particle Coulomb systems: if there are at least two
species of charged particles with opposite signs, the Coulomb system is



stable against the charge collapse for small enough b < bcol (in 3D, the
collapse point bcol Q 0 and the stability requires quantum mechanics (1)).
Going beyond the collapse point needs a short-distance (e.g., hard core)
regularization of the Coulomb interaction. The famous Kosterlitz–Thouless
(KT) transition (2) of infinite order from a high-temperature conducting
phase to a low-temperature insulating phase takes place at some bKT > bcol.
Like in other dimensions, the 2D Coulomb systems admit the Debye–
Hückel treatment in the high-temperature limit b Q 0, as was rigorously
proven in ref. 3. As concerns the bulk thermodynamics, based on the scale
invariance of the logarithmic potential, the density derivatives of the free
energy, like the pressure, can be obtained exactly in the whole stability
range of temperatures. (4–6) On the other hand, the temperature derivatives
of the free energy, like the internal energy or the specific heat, are nontri-
vial statistical quantities which cannot be obtained by simple means and
they are known only in special cases (see below).

The most studied versions of the Coulomb plasma are the one-com-
ponent plasma (OCP) and the symmetric two-component plasma (TCP), or
Coulomb gas.

The 2D OCP of equally, say unit, charged pointlike particles in a
uniform neutralizing background is formally related to the fractional
quantum Hall effect. (7, 8) No collapse occurs. There are indications that,
around b ’ 142, the fluid system undergoes a phase transition to a 2D
Wigner crystal. (9) In a more recent paper, (10) the existence of this transition
has been put in doubt. The model is exactly solvable at b=2 by mapping
onto free fermions, in the bulk (11) as well as in some inhomogeneous situa-
tions (see review ref. 12).

The symmetric 2D TCP consists of oppositely ± 1 charged particles,
no background is present. The collapse point bcol=2 coincides with the
exactly solvable free-fermion point of the equivalent Thirring model. (13–15)

At this collapse point, for a fixed fugacity, while the free energy diverges,
truncated Ursell functions are nonzero and finite. Quite recently, (16) the
complete bulk thermodynamics of the symmetric 2D TCP was derived
exactly in the whole stability region b < 2. The mapping onto a bulk 2D
sine-Gordon theory with a conformal normalization of the cos-field was
made, and recent results about that field theory were applied. Sub-
sequently, the surface tension of the same model in contact with an ideal-
conductor (17) and with an ideal-dielectric (18) rectilinear walls was obtained
via a mapping onto integrable 2D boundary sine-Gordon theories with
Dirichlet and Neumann boundary conditions, respectively. The large-dis-
tance behavior of the bulk charge (19) and density (20) correlation functions
was derived exactly by exploring the form-factor theory of the equivalent
sine-Gordon model.
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Hansen and Viot (21) have introduced a general asymmetric 2D
Coulomb gas which consists of two species of pointlike particles with posi-
tive and negative charges of arbitrary strengths qs (s=1, 2). For |q1/q2 |
being an integer, the model describes a plasma of electrons and ions of
integer valence. Without any loss of generality, we choose

q1=+1 and q2=−1/Q (1.1)

where Q=1, 2,... is a positive integer. The model interpolates between the
symmetric TCP (Q=1) and, after subtracting the kinetic energy of
2-species, the OCP obtained as the extreme asymmetry case Q Q .. The
Boltzmann factor of a pair of positive and negative charges, r−b/Q, is inte-
grable at short distance in 2D space for b < 2Q, so the collapse point is
bcol=2Q. (21) In the case of a vanishing but nonzero hard core around
particles, the KT phase transition was conjectured to take place at
bKT=4Q. (22) Highly asymmetric Coulomb mixtures in the strong-coupling
regime have attracted much attention in the last years (23–26) due to the phe-
nomenon of overcharging (charge inversion), i.e., the situation when the
number of counterions in the vicinity of a macroion is so high that the
macro-charge is overcompensated.

In this work, we report the exact solution of the Q=2 asymmetric 2D
Coulomb gas, with the lowest degree of charge asymmetry q1=1 and
q2=−1/2, in the whole stability interval of pointlike particles b < 4. The
exact solution involves the complete bulk thermodynamics (the free energy,
the internal energy, the specific heat) and the large-distance behavior of the
particle correlation functions. It is obtained by mapping the underlying
Coulomb gas onto a member of 2D Toda field theories, (27) namely the
complex Bullough–Dodd (cBD) model (28–30) with a conformal normaliza-
tion of the exponential field. Recent results about that integrable field
theory, derived by using the Thermodynamic Bethe Ansatz (thermody-
namics) and the form-factor method (correlation functions), are applied.
Since the calculations in the cBD model are based on special analyticity
assumptions, which are not yet rigorously proven, we check the results for
the plasma by a small-b expansion, using a renormalized Mayer expansion
in density, (31, 32) and close to the collapse b=4 point, using an electroneu-
trality sum rule (33) combined with an independent-pair conjecture made by
Hauge and Hemmer. (6) The comparison is made with the symmetric version
of the model, and the fundamental changes in statistics due to the charge
asymmetry are pointed out.

The paper is organized as follows. In Section 2, all relevant aspects
of the mapping between the asymmetric 1/ − 1

2 2D Coulomb gas and the
cBD model are presented. The complete thermodynamics of the Coulomb
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system is derived in Section 3. The asymptotic large-distance behavior of
the particle correlation functions is obtained within the form-factor method
in Section 4. Section 5 is a brief recapitulation with some concluding
remarks. The results are checked by the small-b expansions in Appendix A
and close to the collapse b=4 point in Appendix B.

2. FIELD-THEORETICAL REPRESENTATION OF THE ASYMMETRIC

2D COULOMB GAS

We consider the asymmetric TCP made up of two species of pointlike
particles with charges qs (s=1, 2) given by (1.1). The particles are
confined to an infinite 2D space of points r ¥ R2, and interact with each
other by the pair Coulomb potential. The Coulomb potential v at spatial
position r, induced by a unit charge at the origin, is given by the 2D
Poisson equation

Dv(r)=−2p d(r) (2.1)

as follows

v(r)=−ln(|r|/r0) (2.2)

The length constant r0, which fixes the zero point of the Coulomb poten-
tial, will be set for simplicity to unity. The interaction energy E of particles
{j} reads

E= C
j < k

qsj
qsk

v(|rj − rk |) (2.3)

Introducing the microscopic density of particles of species s, n̂s(r)=
;j ds, sj

d(r − rj), the microscopic densities of the total particle number and
of the charge are

n̂(r)=C
s

n̂s(r), r̂(r)=C
s

qs n̂s(r) (2.4)

respectively. The energy (2.3) can be thus written as

E=1
2 F d2r F d2rŒ r̂(r) v(|r − rŒ|) r̂(rŒ) − 1

2 v(0) C
j

q2
sj

(2.5)

where v(0) is the (divergent) self-energy.
We will work in the grand canonical ensemble, with position-depen-

dent fugacities zs(r) of species s=1, 2. The grand partition function X at
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inverse temperature b, considered as a functional of the species fugacities,
is defined by

X[z1, z2]= C
.

N1=0
C
.

N2=0

1
N1!

1
N2!

F D
N1

j=1
[d2ujz1(uj)]

× D
N2

j=1
[d2vjz2(vj)] exp[ − bEN1, N2

(u, v)] (2.6)

where EN1, N2
(u, v) denotes the Coulomb interaction energy (2.3), resp. (2.5),

of N1 particles of type 1 at vector positions {uj}
N1
j=1 and N2 particles of

type 2 at positions {vj}
N2
j=1. The statistical quantity X can be expressed in

terms of a 2D Euclidean theory with the aid of the standard procedure (see,
e.g., ref. 35). Using the representation (2.5) for E in exp(−bE) and assum-
ing that − D/(2p) is the inverse operator of v(r) [see relation (2.1)], one
applies the Hubbard–Stratonovich transformation

exp 5−
b

2
F d2r F d2rŒr̂(r) v(|r − rŒ|) r̂(rŒ)6

=
> Df exp[> d2r ( 1

16p
f Df+i `b/4 fr̂)]

> Df exp(> d2r 1
16p

f Df)
(2.7)

where f(r) is a real scalar field and > Df denotes the functional integration
over this field. The term fDf can be turned into − (Nf)2 by using integra-
tion by parts. The summation over N1 and N2 in (2.6) then implies

X[z1, z2]=
> Df exp( − S[z1, z2])
> Df exp( − S[0, 0])

(2.8)

where the action of the 2D Euclidean field theory takes the form

S[z1, z2]=F d2r 5 1
16p

(Nf)2 − z1(r) e ibf − z2(r) e−i(b/Q) f6 (2.9a)

b2=b/4 (2.9b)

Here, the fugacities zs (s=1, 2) are renormalized by the self-energy terms
exp[bv(0) q2

s/2]. For the homogeneous system with uniform species fuga-
cities, zs(r)=zs, the action (2.9) simplifies to

S(z1, z2)=F d2r 5 1
16p

(Nf)2 − z1e ibf − z2e−i(b/Q) f6 (2.10)
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Note that this action is complex, except in the symmetric case Q=1 with
z1=z2.

The field representation of the multi-particle densities can be obtained
from the functional generator X, defined by (2.8) and (2.9), in a straight-
forward way. At the one-particle level, the density of particles of type
s(=1, 2) is given by

ns=On̂s(r)P

=zs

1
X

dX

dzs(r)
:
uniform

(2.11)

Consequently,

ns=zsOe ibqsfP (2.12)

where O · · ·P denotes the averaging over the action (2.10). Note that under
the shift of the field variable f Q f+f0 in (2.10) (which has no effect on
X as the whole), the species fugacities change as z1 Q z1 exp(ibf0) and
z2 Q z2 exp[− i(b/Q) f0], and therefore X depends only on the combina-
tion z1(z2)Q. According to the definition (2.11), this property of X implies
the neutrality condition n1 − (1/Q) n2=0. At the two-particle level, one
introduces the two-body densities

nssŒ(r, rŒ)=On̂s(r) n̂sŒ(rŒ)P− nsdssŒd(r − rŒ)

=zszsŒ

1
X

d2X

dzs(r) dzsŒ(rŒ)
:
uniform

(2.13)

so that

nssŒ(|r − rŒ|)=zszsŒOe ibqsf(r)e ibqsŒf(rŒ)P (2.14)

It is useful to introduce also the pair distribution functions

gssŒ(r, rŒ)=
nssŒ(r, rŒ)

nsnsŒ

(2.15)

and the (truncated) pair correlation functions

hssŒ(r, rŒ)=gssŒ(r, rŒ) − 1 (2.16)
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In statistical mechanics, the short-distance behavior of the pair distri-
bution function is dominated by the Boltzmann factor of the pair Coulomb
potential, (21, 34)

gssŒ(r, rŒ) ’ CssŒ |r − rŒ|bqsqsŒ as |r − rŒ| Q 0 (2.17)

(provided b is small enough as explained below). The prefactors CssŒ are
expressible as follows

CssŒ=exp[b(mex
qs

+mex
qsŒ

− mex
qs+qsŒ

)] (2.18)

where mex
qs

is the excess chemical potential of species s defined by

bmex
qs

=ln 1 zs

ns

2 (2.19)

and mex
q with q arbitrary represents an extended definition of the excess

chemical potential for a ‘‘guest’’ particle of charge q put into the considered
Coulomb gas (1.1). To get the stability region of mex

q , one has to consider
the interaction Boltzmann factor of the q-charge with an opposite charge
from the plasma. When q > 0 (q < 0), the Boltzmann factor with the oppo-
site − 1/Q (+1) plasma charge at distance r, r−bq/Q (rbq), is integrable at
small r if and only if b < 2Q/q (b < − 2/q). mex

q is therefore finite if
b < (Q+1)/|q|+(Q − 1)/q and goes to − . outside of this stability region.
According to the formula (2.18) this means that the prefactor C12 remains
finite in the whole stability region b < 2Q, while the prefactors C11 and C22

are finite only if b < Q. The divergence of C11 and C22 in the middle of the
stability region, at the point b=Q, is accompanied by a change in the
short-distance behavior (2.17) of g11 and g22. The general analysis in ref. 21
shows that, in the short-distance limit r Q 0,

g11(r) 3 rb, b < Q

3 r2m+b[1 − m(4Q+1 − m)/(2Q2)],
2Q2

2Q − m+1
< b <

2Q2

2Q − m
(2.20a)

where m is an integer from the interval 1 [ m [ Q, and

g22(r) 3 rb/Q2
, b < Q

3 r2 − b(2Q − 1)/Q2
, Q < b < 2Q (2.20b)
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Close to the collapse point b Q 2Q, one finds

g11(r) 3 rQ − 1 (2.21a)

g22(r) 3 r (2/Q) − 2 (2.21b)

The collapse relation (2.21b) tells us that, for Q > 1, g22(r) does not vanish
as r Q 0 (as is intuitively expected since equally charged particles repel each
other), but diverges. This is related to a paradoxical clustering of counter-
ions in the asymmetric plasma.

We now intend to derive the short-distance behavior (2.17), say for g11,
in terms of the 2D field theory (2.10). According to the definitions (2.6),
(2.13), and (2.15), we have

g11(r, rŒ)=|r − rŒ|b 1 z1

n1

22 1
X

C
.

N1=2
C
.

N2=0

N1(N1 − 1)
N1! N2!

× F D
N1 − 2

j=1
[d2ujz1(uj)] D

N2

j=1
[d2vjz2(vj)]

× exp 3 − bEN1 − 2, N2
(u, v) − b F d2rœ[v(r − rœ)+v(rŒ − rœ)] r̂(rœ)4

(2.22)

where r̂ denotes the microscopic charge density of N1 − 2 particles of type 1
and N2 particles of type 2. One shifts N1 Q N1 − 2 in the summation over N1.
When rŒ Q r, the exponential in (2.22) can be written in the form presented
on the lhs of Eq. (2.7) with the substitution r̂(rœ) Q r̂(rœ)+2d(rœ − r).
Using the Hubbard–Stratonovich identity (2.7), the previously generated
single term i `b/4 fr̂ now involves two terms: i `b/4 fr̂+i2 `b/4 f(r).
One integrates over particle coordinates, except the fixed r-coordinate, and
ends up with

g11(|r − rŒ|) ’ |r − rŒ|b 1 z1

n1

22

Oe i2bfP as |r − rŒ| Q 0 (2.23a)

Analogously, one finds that

g12(|r − rŒ|) ’ |r − rŒ|−b/Q 1 z1

n1

21 z2

n2

2 Oe i(1 − 1/Q) bfP as |r − rŒ| Q 0 (2.23b)

g22(|r − rŒ|) ’ |r − rŒ|b/Q2 1 z2

n2

22

Oe−i(2b/Q) fP as |r − rŒ| Q 0 (2.23c)
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Comparing these relations with Eqs. (2.17)–(2.19), the excess chemical
potential of a particle with charge q embedded into the considered plasma
is related to the one-point expectation of the exponential field as follows

exp( − bmex
q )=Oe iqbfP (2.24)

Note that relations (2.12) are special cases of the general formula (2.24).
According to the analysis after Eq. (2.19) and with respect to the relation-
ship (2.9b), the one-point expectation Oe iqbfP is finite if 4b2 < (Q+1)/
|q|+(Q − 1)/q, and goes to +. otherwise. Comparing relations (2.23) with
Eqs. (2.14) and (2.15), the short-distance behavior of two-point expecta-
tions of the exponential field is given by

Oe iqbf(r)e iqŒbf(rŒ)P ’ |r − rŒ|4b2qqŒ Oe i(q+qŒ) bfP as |r − rŒ| Q 0 (2.25)

In quantum field theory, the model (2.10) can be regarded as the
Gaussian conformal field theory perturbed by the operator − z1 exp(ibf) −
z2 exp[− i(b/Q) f]. The species fugacities z1 and z2 are renormalized by the
(divergent) self-energy factors. To give the parameters z1 and z2 a precise
meaning, one has to fix the normalization of the adjoint exponential fields.
The normalization which corresponds to the short-distance limit of the two-
point function (2.25) is known as conformal. Under the conformal nor-
malization, the diverging self-energy factor disappears from statistical rela-
tionships. This makes the bridge between the underlying asymmetric
Coulomb plasma and the corresponding field theory with the action (2.10),
treated within the Conformal Perturbation theory.

Note that q and qŒ should be sufficiently small to ensure that (2.25) is
the leading short-distance asymptotics. From the point of view of the
above equivalence, the crucial is the stability of the two-point expectation
asymptotics (2.25) for two opposite charges q=1 and qŒ=−1/Q. In that
case, the stability region of Oe i(q+qŒ) bfP is b < bstab=2Q2/(Q − 1); for the
symmetric Coulomb gas bstab Q ., for Q=2 bstab incidently coincides with
bKT=8 and for any finite Q it holds bstab > bcol.

3. THERMODYNAMICS OF AN ASYMMETRIC COULOMB GAS

There is a large class of integrable 2D field theories, known as the
affine Toda theories, which are based on the Dynkin-diagram classification
of simple Lie groups (for a nice review, see ref. 27). Let G be a simple Lie
algebra of rank r, {e1,..., er} a set of simple r-dimensional roots of the cor-
responding Dynkin diagram and − e=; r

i=1 niei (the coefficients {ni} are
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called Kac labels) the maximal root. The affine Toda theory built on G is
defined by the action

S=F d2r 5 1
16p

(“mf)2+ C
r

i=1
ziebei · f+zr+1ebe · f6 (3.1)

where the field f=(f1,..., fr) consists of r real scalar components and b is
the real coupling constant. The fields in Eq. (3.1) are normalized so that at
{zi=0} r+1

i=1

Ofa(r) fb(rŒ)P=−4dab ln |r − rŒ| (3.2)

For the one-component (r=1) case of interest, there exist two integrable
Toda theories. When G=A(1)

1 Lie group with e1=1 and e=−1, one
obtains the sinh-Gordon (b real) or sine-Gordon (b pure imaginary)
models. The sine-Gordon model is identified with the action (2.10) with
Q=1 and describes the thermodynamics of the symmetric 2D TCP (see
refs. 16–19). When G=A(2)

2 Lie group with e1=1 and e=−1/2, the action
(3.1) takes the form

SBD=F d2r 5 1
16p

(Nf)2+z1ebf+z2e−bf/26 (3.3)

This theory is known as the Bullough–Dodd (BD) model. (28) Its complex
version, obtained via the substitutions b Q ib and z1, 2 Q − z1, 2,

ScBD=F d2r 5 1
16p

(Nf)2 − z1e ibf − z2e−i(b/2) f6 (3.4)

is referred to as the Zhiber–Mikhailov–Shabat model, (29, 30) or simply the
complex Bullough–Dodd (cBD) model. Comparing (3.4) with (2.10) one
observes that the cBD model with the short-distance normalization (2.25) is
the 2D field realization of the Q=2 asymmetric TCP, i.e., the system of
+1 and − 1/2 charged particles. According to (2.9), the coupling constant
b is related to the inverse temperature by b2=b/4 and the parameters zs

(s=1, 2) represent the renormalized species fugacities.
The particle spectrum of the BD model (3.3) consists of a single

neutral particle of mass m. The two-particle S-matrix was described in
ref. 36. The (dimensionless) specific grand potential

− w= lim
V Q .

1
V

ln X (3.5)
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where X is given by (2.8) and V is the volume, was obtained in terms of the
particle mass m in ref. 37 following the Thermodynamic Bethe Ansatz
technique. (38, 39) In the same ref. 37, the relation between the particle mass m
and the model parameters z1, 2 was established under the conformal nor-
malization, and an explicit formula for the mean value of the exponential
field OeafP was suggested by exploring a reflection relationship between the
BD model and the 2D Liouville theory. (40, 41) The derivation of the results
was based on special analyticity assumptions, so their verification by
various checks is needed.

The spectrum of the cBD model (3.4) exhibits an extremely compli-
cated hierarchy of particles. (42) The fundamental particle is a three-compo-
nent kink. The kinks generate one-component bound states (breathers) and
higher kinks, these higher kinks generate new breathers and new kinks, etc.
The important simplifying fact is that, in the whole stability interval of
interest 0 [ b2 < 1 (0 [ b < 4), the lightest particle, the 1-breather, corre-
sponds to the analytic continuation of the only particle in the spectrum of
the BD model. Since the lightest particle dominates in the thermodynamic
limit V Q ., we can apply all results of ref. 37 presented in the above
paragraph, with the substitutions b Q ib and z1, 2 Q − z1, 2, also to the cBD
model. In particular, the specific grand potential (3.5) takes the form

− w=
m2

16 `3 sin(pt/3) sin(p(1+t)/3)
(3.6a)

t=
b2

2 − b2 (3.6b)

and the mass of the lightest 1-breather reads

m=
2 `3 C(1/3)

C(1 − t/3) C((1+t)/3)
5z1pC(1 − b2)

C(b2)
6 (1+t)/6 52z2pC(1 − b2/4)

C(b2/4)
6 (1+t)/3

(3.7)

Note that at the collapse point b2=1 (b=4) the particle mass m Q .. The
expected divergence of − w (3.6) at b2=1 is therefore caused by m2, while
the prefactor to m2 remains finite. Such behavior is opposite to that
observed in the symmetric 2D TCP (16) at the corresponding collapse point
where the mass of the lightest sine-Gordon breather, m1, is finite and − w

diverges due to the prefactor to m2
1. The expectation value of the exponen-

tial field is given by (see also ref. 43)
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Oe iafP=5z2

z1

2−b2/2C(1+b2) C(1−b2/4)
C(1−b2) C(1+b2/4)

6
2a
3b 5mC(1−t/3) C((1+t)/3)

22/3
`3 C(1/3)

62a2 −ab

×exp 3F
.

0

dt
t
5 sinh((2−b2) t) Y(t, a)

sinh(3(2−b2) t) sinh(2t) sinh(b2t)
−2a2e−2t64 (3.8a)

where

Y(t, a)= − sinh(2abt)[sinh((4 − b2 − 2ab) t) − sinh((2 − 2b2+2ab) t)

+sinh((2 − b2 − 2ab) t) − sinh((2 − b2+2ab) t)

− sinh((2+b2 − 2ab) t)] (3.8b)

The integral in (3.8a) is well defined if

−
1
2b

< Re(a) <
1
b

(3.9)

Taking into account (2.12), the charge-neutrality condition in the con-
sidered Coulomb gas, n1=n2/2, results in the equality

z1Oe ibfP=
z2

2
Oe−i(b/2) fP (3.10)

Using the integral formula for the logarithm of the Gamma function (44)

ln C(z)=F
.

0

dt
t

e−t 5(z − 1)+
e−(z − 1) t − 1

1 − e−t
6 , Re(z) > 0 (3.11)

it can be readily verified that the suggested formula (3.8) is consistent with
the neutrality condition (3.10).

We are now ready to derive the basic density-fugacity relationship for
the asymmetric 1/ − 1

2 Coulomb gas. The total particle number density is

n=z1
“(−w)

“z1
+z2

“(−w)
“z2

=(1+t)(−w) (3.12)

where the auxiliary parameter t, introduced in (3.6b), is expressible in the
inverse temperature b=4b2 as follows

t=
b

8 − b
(3.13)
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After some algebra, Eqs. (3.6) and (3.7) give the explicit density-fugacity
relationship

n1 − b/8

(z1z2
2)1/3=5`3

4
C2(1/3)

(1 − b/8) p2

C(t/3) C((2 − t)/3)
C(1 − t/3) C((1+t)/3)

61 − b/8

×5pC(1 − b/4)
C(b/4)

61/3 52pC(1 − b/16)
C(b/16)

62/3

(3.14)

The length constant r0 in (2.2) was set to unity. This can be shown to imply
that the fugacity product z1z2

2 in neutral configurations of (2.6) has dimen-
sion [length]−6(1 − b/8), and so Eq. (3.14) is dimensionally correct. The small-
b expansion of the rhs of (3.14) reads

n1−b/8

(z1z2
2)1/3=

3
22/3 bb/8 exp 352C+ln 1p

4
26 b

8
+[3kŒ(2/3)−2p2]

b2

1728
+O(b3)4

(3.15)

where C is the Euler number and k(x)=d[ln C(x)]/dx is the psi function.
The series representation of the first derivative of k reads

kŒ(x)= C
.

j=0

1
(x+j)2 (3.16)

The series expansion (3.15) is checked up to the indicated order in Appen-
dix A.1 by using a bond-renormalized Mayer expansion in density. (31, 32)

For a fixed fugacity product z1z2
2, relation (3.14) implies the expected

collapse singularity of the density n:

n
(z1z2

2)2/3 ’
`3
2p

5C 11
6
2 C 11

3
262 5C(3/4)

C(1/4)
64/3 1

(1 − b/4)2/3 as b Q 4−

(3.17)

This singularity is reproduced indirectly in Appendix B.1 by applying a
(slightly modified) perfect-screening sum rule, which is another important
check of the basic result (3.14).

To obtain the complete thermodynamics of the asymmetric 1/ − 1
2

Coulomb gas, we pass from the grandcanonical to the canonical ensemble
via the Legendre transformation

F(T; N1, N2)=W+m1N1+m2N2 (3.18)
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where

W=kBTw(b, n) V (3.19a)

− w(b, n)=11 −
b

8
2 n (3.19b)

N1=N/3, N2=2N/3 with N=nV being the total particle number, and

ms(b, n)=kBT ln zs(b, n), (s=1, 2) (3.20)

is the chemical potential of species s. The dimensionless specific free
energy, f=F/(NkBT), is thence given by

f(b, n)=−11 −
b

8
2+

1
3

ln(z1z2
2) (3.21)

With the aid of the density-fugacity relationship (3.14), one has explicitly

f(b, n)= −11 −
b

8
2+11 −

b

8
2 ln 1 4

`3
n2+11 −

b

4
2 ln p

−11 −
b

8
2 ln 5 C2(1/3)

(1 − b/8)
C(t/3) C((2 − t)/3)

C(1 − t/3) C((1+t)/3)
6

−
1
3

ln 5C(1 − b/4)
C(b/4)

6−
2
3

ln 52C(1 − b/16)
C(b/16)

6 (3.22)

The (excess) internal energy per particle, uex=OEP/N, and the (excess)
specific heat at constant volume per particle, cex

V =Cex
V /N, are determined

by elementary thermodynamics as follows

uex=
“

“b
f(b, n) (3.23a)

cex
V

kB
= − b2 “

2

“b2 f(b, n) (3.23b)

The specific heat is independent of the particle number density n, which is a
specificity of the 2D pointlike Coulomb gases. The expansion of cex

V near
the collapse point b=4 results into the Laurent series

cex
V

kB
=

1
3(1 − b/4)2 −

2
3(1 − b/4)

+O(1), b Q 4− (3.24)

274 Šamaj



The leading two terms in (3.24) are reproduced indirectly in Appendix B.2
by applying an independent-pair conjecture of Hauge and Hemmer. (6)

4. LARGE-DISTANCE BEHAVIOR OF PARTICLE CORRELATIONS

In a 2D integrable field theory with particle spectrum {E}, correlation
functions of local operators Oa (a is a free parameter) are expressible as
infinite convergent series over multi-particle intermediate states (see, e.g.,
ref. 45). For the truncated two-point correlation functions

OOa(r) OaŒ(rŒ)PT=OOa(r) OaŒ(rŒ)P−OOaPOOaŒP (4.1)

the series reads

OOa(r) OaŒ(rŒ)PT= C
.

N=1

1
N!

C
E1,..., EN

F
.

−.

dh1 · · · dhN

(2p)N Fa(h1,..., hN)E1 · · · EN

×EN · · · E1 FaŒ(hN,..., h1) exp 1 − |r − rŒ| C
N

j=1
mEj

cosh hj
2

(4.2)

Here, h ¥ (−., .) is the rapidity which parametrizes the energy E and the
momentum p of a particle E of mass mE as follows

E=mE cosh h, p=mE sinh h (4.3)

and the normalization constants in the form factors {Fa} depend on the
specific form of the operator Oa. In what follows, we will consider Oa to be
an exponential field:

Oa(r)=exp(af(r)) (4.4a)

in the case of the BD model with the action (3.3), and

Oa(r)=exp(iaf(r)) (4.4b)

in the case of the cBD model with the action (3.4).
The form-factor representation (4.2) is particularly useful in the large-

distance limit |r − rŒ| Q .. The dominant contribution in this asymptotic
limit comes from a one-particle intermediate state with the minimum value
of the particle mass m, at the point of the vanishing rapidity h Q 0. The
consequent exponential decay exp(−m |r − rŒ|) is multiplied by a slower
(inverse power law) decaying function, whose particular form depends on
the one-particle form factors. For the BD model (3.3) with the only particle
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(E=1) in the spectrum, the one-particle form factors Fa(h)1=Fa and
1FaŒ(h)=Fg

aŒ are presented for the exponential field (4.4a) in refs. 46
and 47. The transition to the cBD model (3.4) is straightforward since, as
was already mentioned in Section 3, the analytic continuation of the single
particle in the BD spectrum corresponds to the lightest particle of interest
in the cBD model, the 1-breather with mass m given by (3.7). In particular,
after the substitutions a Q ia and b Q ib in the one-particle form-factor
formulae for the BD model, (46, 47) the lightest-particle form factor of the
exponential field (4.4b) in the cBD model is given by

Fa

OOaP
=4r sin 12pa

3b
t2 cos 1p

6
11+2t − 4t

a
b
22 (4.5a)

where

r=i 5 sin(p/3)
sin(2pt/3) sin(2p(1+t)/3)

61/2

× exp 3 − 2 F
.

0

dt
t

cosh(t/6) sinh(tt/3) sinh(t(1+t)/3)
sinh t cosh(t/2)

4 (4.5b)

According to formulae (2.12)–(2.16) adapted to the considered asym-
metric 1/ − 1

2 2D Coulomb gas, the pair correlation function hssŒ(r, rŒ) of
species s and sŒ with the corresponding charges qs and qsŒ ¥ {1, −1/2} is
expressible in terms of the averages over the equivalent cBD model as
follows

hssŒ(r, rŒ)=
Oe iqsbf(r)e iqsŒbf(rŒ)PT

Oe iqsbfPOe iqsŒbfP
(4.6)

Using the form-factor representation (4.2) for Oa(r)=exp(iaf(r)), the
leading contribution to hssŒ(r, rŒ) in the limit |r − rŒ| Q . is determined by
the lightest particle in the cBD model, the 1-breather with mass m given by
(3.7) and the form factor Fa given by (4.5). Consequently,

hssŒ(r) ’
Fqsb

OOqsbP

Fg
qsŒb

OOqsŒbP

1
p

F
.

−.

dh

2
e−mr cos h as r Q . (4.7)

Since

F
.

−.

dh

2
e−mr cos h=K0(mr) ’ 1 p

2mr
21/2

exp(−mr) (4.8)
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at asymptotically large r (K0 is the modified Bessel function of second
kind), we finally arrive at

hssŒ(r) ’ − lssŒ
1 p

2mr
21/2

exp(−mr) (4.9)

Here,

lssŒ=
8 `3

p
exp 3 − 4 F

.

0

dt
t

cosh(t/6) sinh(tt/3) sinh(t(1+t)/3)
sinh t cosh(t/2)

4

×
1

sin(2pt/3) sin(2p(1+t)/3)
sin 12p

3
tqs

2 sin 12p

3
tqsŒ

2

× cos 1p

6
(1+2t − 4tqs)2 cos 1p

6
(1+2t − 4tqsŒ)2 (4.10)

and the mass m (3.7) is expressible in terms of the inverse Debye length for
the considered Coulomb gas

o=(pbn)1/2 (4.11)

by combining Eqs. (3.6) and (3.12),

m=o 52 `3
pt

sin 1pt

3
2 sin 1p

3
(1+t)26

1/2

(4.12)

We recall that t=b/(8 − b).
In the high-temperature limit, the parameters lssŒ (4.10) and m (4.12) of

the large-distance asymptotics (4.9) have the following small-b expansions

lssŒ=bqsqsŒ+b2qsqsŒ
3 1

24
+

p

72 `3
[6(qs+qsŒ) − 1]4+O(b3) (4.13a)

m=o 51+
pb

48 `3
+O(b2)6 (4.13b)

These small-b expansions are checked up to the indicated order in Appen-
dix A.2 by using the renormalized Mayer expansion. The leading-order
terms lssŒ ’ bqsqsŒ and m ’ o correspond to the Debye–Hückel approxi-
mation, the first corrections to this approximation are implied by the
renormalized Meeron graph.
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Let us introduce the charge density and particle number density com-
binations of the pair correlation functions

hr(r, rŒ)=C
s, sŒ

nsqsnsŒqsŒhssŒ(r, rŒ) (4.14a)

hn(r, rŒ)=C
s, sŒ

nsnsŒhssŒ(r, rŒ) (4.14b)

respectively. It is evident that within the Debye–Hückel approximation the
two-particle correlations are determined at large distances by the charge-
charge correlation function hr, while hn is identically equal to zero. Taking
into account the first correction in lssŒ (4.13a), the strong division between
hr(r) and hn(r) disappears: both of them decay at large r exponentially with
the same correlation length =1/m, only the corresponding b-dependent
prefactors differ from one another. The prefactor is of the form
lssŒ=qsqsŒl(b) in the case of the symmetric 2D TCP, (19, 20) and so at any b

in the stability regime the large-distance asymptotics of the two-particle
correlations are determined exclusively by hr (hn is related to the heavier
2-breather and therefore goes to zero faster then hr). The asymmetry in the
particle charges thus causes a fundamental change in the relative large-dis-
tance behavior of the charge and density correlation functions.

Since o Q . at the collapse point b=4, the particle mass m (4.12)
diverges, and hssŒ given by (4.9) reduces trivially to zero. On the other
hand, the mass of the lightest particle is finite (for a fixed z) at the collapse
point for the symmetric 2D TCP, (19) and the corresponding Ursell functions
UssŒ(r, rŒ)=nsnsŒhssŒ(r, rŒ) have a nontrivial large-distance dependence. Also
from this point of view the asymmetry in the particle charges has a relevant
influence on the large-distance characteristics of particle correlation functions.

5. CONCLUSION

In this paper, we have solved exactly the 2D Coulomb gas of pointlike
charged particles, with the charge asymmetry q1=1 and q2=−1/2, via the
equivalent 2D cBD field theory. The previous calculations in the cBD
model were based on special analyticity conjectures. This is why we check
our results for the asymmetric Coulomb gas, in the small-b limit and close
to the collapse b=4 point. The small-b series expansions are generated
using the renormalized Mayer expansion in density, which is a simplified
Coulomb version of the Feynman diagrammatic perturbation technique in
2D field theories. On the other hand, the important check of the results
close to the opposite collapse point, based on screening properties of the
Coulomb plasma, is original and has no counterpart in the field theory.
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The asymmetry in the strength of the particle charges brings two
fundamental modifications in the statistical behavior of the 2D Coulomb
gas in comparison with its symmetric version. Firstly, the large-distance
exponential decays of the charge and density correlation functions are
characterized by the same correlation length (in the symmetric Coulomb
gas, (19, 20) the charge correlation length is twice larger than the density
one). Such behavior does not occur in the Debye–Hückel treatment of
the model. Secondly, the mass of the lightest particle in the spectrum of
the cBD model, which determines the thermodynamics and the asymp-
totics of the particle correlations, diverges at the collapse point b=4. As
a consequence, the truncated particle distributions are trivially equal to
zero at b=4. This is in contrast to the symmetric 2D Coulomb gas with
finite and nonzero particle distributions at its collapse free-fermion
point.

The other cases of the asymmetric Coulomb gases do not belong to the
family of integrable 2D Toda field theories. On the other hand, the 2D
OCP, which corresponds to the extreme charge-asymmetric case, is exactly
solvable at its free-fermion point. (11, 12) The 2D OCP has a field representa-
tion (48) which resembles the one of the 2D complex Liouville model with a
kind of ‘‘background’’ charge. Although this theory does not belong to the
Toda theories, it is integrable at least at the aforementioned free-fermion
point. It might be therefore useful to explore its integrability properties at
an arbitrary temperature, first in the classical limit and subsequently at the
quantum level.

APPENDIX A: SMALL-b EXPANSIONS

Let us consider a general fluid composed of distinct species of particles
{s} with the corresponding position-dependent densities {n(r, s)}. The
particles i and j interact through the pair potential v(i, si | j, sj), where
vector position ri is represented simply by i. The technique of the bond-
renormalization in the ordinary Mayer expansion in density (for details,
see refs. 16, 31, and 32) is based on an expansion of each Mayer function in
the inverse temperature b, and on a consequent series resummation of two-
coordinated field circles. The renormalized K-bonds are given by

K −bv

1, s1 2, s2 1, s1 2, s2 1, s1 2, s2 1, s1 2, s2
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or, algebraically,

K(1, s1 | 2, s2)=[− bv(1, s1 | 2, s2)]

+C
s3

F d3 [− bv(1, s1 | 3, s3)] n(3, s3) K(3, s3 | 2, s2)

(A.1)

It is straightforward to verify by variation of (A.1) that it holds

dK(1, s1 | 2, s2)
dn(3, s3)

=K(1, s1 | 3, s3) K(3, s3 | 2, s2) (A.2)

The excess Helmholtz free energy Fex is expressible in the renormalized
format as follows

− bFex[n]= +D (0)[n]+ C
.

s=1
D (s)[n] (A.3a)

where

D (0)= (A.3b)

is the sum of all ring diagrams which cannot undertake the bond-renor-
malization procedure and

etc. (A.3c)

D (1) D (2) D (3) D (4) D (5)

are all remaining completely renormalized graphs. The free energy is the
generating functional for one-body, two-body, etc. densities. The density-
fugacity relationship is generated via

ln 5n(1, s1)
z(1, s1)

6=
d(−bFex)
dn(1, s1)

=
1, s1

+d (0)(1, s1)+ C
.

s=1
d (s)(1, s1) (A.4a)

280 Šamaj



where d (0)(1, s1)=dD (0)/dn(1, s1) can be readily obtained in the form

d (0)(1, s1)=
1
2!

lim
2 Q 1

[K(1, s1 | 2, s2)+bv(1, s1 | 2, s2)]|s2=s1
(A.4b)

and

d (s)(1, s1)=
dD (s)

dn(1, s1)
(A.4c)

The direct correlation function is generated via

c(1, s1 | 2, s2)=
d2(−bFex)

dn(1, s1) dn(2, s2)

=
1, s1 2, s2

+c (0)(1, s1 | 2, s2)+ C
.

s=1
c (s)(1, s1 | 2, s2)

(A.5a)

where c (0)(1, s1 | 2, s2)=d2D (0)/dn(1, s1) dn(2, s2) corresponds to the
Meeron graph,

c (0)(1, s1 | 2, s2)=
1, s1 2, s2

=
1
2!

K2(1, s1 | 2, s2) (A.5b)

and

c (s)(1, s1 | 2, s2)=
d2D (s)

dn(1, s1) dn(2, s2)
(A.5c)

The pair correlation function h, defined by relations (2.13)–(2.16), is related
to c via the Ornstein–Zernike (OZ) equation

h(1, s1 | 2, s2)=c(1, s1 | 2, s2)

+C
s3

F d3 c(1, s1 | 3, s3) n(3, s3) h(3, s3 | 2, s2) (A.6)

Notice that the functional derivatives with respect to the density field gen-
erate root circles not only at obvious field-circle positions, but also on K
bonds according to formula (4.2), causing their right K-K division.
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Let us return to the 2D asymmetric Coulomb gas with two kinds of
particles s=1, 2 of charges (q1=1, q2=−1/2), interacting via the loga-
rithmic interaction

v(i, si | j, sj)=qsi
qsj

v(i, j) (A.7a)

v(i, j)= − ln |i − j| (A.7b)

We consider the infinite-volume limit, characterized by homogeneous
densities n(1, s)=ns constrained by the neutrality condition ;s qsns=0,
so that

n1=
n
3

, n2=
2n
3

(A.8)

with n being the total particle density. Two-body functions are both
isotropic and translationally invariant, c(1, s1 | 2, s2)=cs1s2

(|1 − 2|),
h(1, s1 | 2, s2)=hs1s2

(|1 − 2|). It follows from Eq. (A.1) that the renor-
malized bonds exhibit the same charge-dependence as the interaction under
consideration (A.7),

K(1, s1 | 2, s2)=qs1
qs2

K(1, 2) (A.9a)

K(1, 2)= − bK0(o |1 − 2|) (A.9b)

Here, K0 is the modified Bessel function of second kind and

o=52pb 1n1+
n2

4
261/2

=`pbn (A.10)

is the inverse Debye length.

A.1. Density-Fugacity Relationship

The small-x expansion of the modified Bessel function K0(x) reads (44)

K0(x)=−ln 1x
2
2 C

.

j=0

x2j

22j(j!)2+ C
.

j=0

x2j

22j(j!)2 k(j+1) (A.11)

where k(1)=−C. Thus, in the uniform regime with the interaction (A.7)
and the renormalized interaction (A.9), Eq. (A.4b) yields

d (0)
s =

bq2
s

2
5C+ln 1o

2
26 , s=1, 2 (A.12)
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The first term on the rhs of (A.4a) disappears due to the charge neutrality.
Consequently,

ln 1ns

zs

2=
bq2

s

2
5C+

1
2

ln 1pbn
4

26+
“

“ns

C
.

s=1

D (s)

V
, s=1, 2 (A.13)

where V Q . is the volume of the system. For the dimensionless quantity
of interest n1 − b/8/(z1z2

2)1/3, (A.13) gives

n1 − b/8

(z1z2
2)1/3=

3
22/3 bb/8 exp 352C+ln 1p

4
26 b

8
−11

3
“

“n1
+

2
3

“

“n2

2 C
.

s=1

D (s)

V
4

(A.14)

When all {D (s)/V} are set to zero, we have the Debye–Hückel approx-
imation valid in the b Q 0 limit and, indeed, (A.14) then reproduces the
leading term of the exact b-expansion (3.15). The scaling form of the renor-
malized interaction bonds (A.9) permits us to perform the b-classification
of D (s)/V. Let the given completely renormalized diagram D (s) be com-
posed of Ns skeleton vertices and Ls bonds. Every dressed bond K brings
the factor − b and enforces the substitution rŒ=or which manifests itself as
the factor 1/o2 for each field-circle integration ’ > r dr. Since there are
(Ns − 1) independent field-circle integrations in D (s) we conclude that

D (s)(b)
V

=bLs − Ns+1 D (s)(b=1)
V

(A.15)

In the sketch (A.3c), the only diagram which contributes to the b2 order is
D (1), the next diagrams D (2), D (3), D (4) and D (5) constitute the complete set
of contributions to the b3 order, etc.

We are interested in the lowest correction to the Debye–Hückel limit,
so only the diagram D (1) has to be analyzed. The contribution of this
diagram is expressible as

D (1)(n1, n2)
V

=
1

2!3!
1n2

1 − 2n1
n2

23+
n2

2

26
2 F d2r[ − bK0(or)]3

= −
1

2!3!
b2 (n1 − n2/8)2

n1+n2/4
F

d2r
2p

K3
0(r) (A.16)
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To evaluate the integral in (A.16), we can make use of the 2D Fourier
components of K0(r) and K2

0(r) (see Appendix of ref. 16) to derive

F
d2r
2p

K3
0(r)=F

.

0
dk

ln[(k/2)+`1+(k/2)2]

(1+k2) `1+(k/2)2
(A.17)

After the substitution k=2 sin(t/2), one gets

F
d2r
2p

K3
0(r)=

1

`3
C
.

j=1

sin(pj/3)
j2

=
1
72

5kŒ11
6
2+kŒ 11

3
2− kŒ 12

3
2− kŒ 15

6
26 (A.18)

where kŒ(x) is given by (3.16). Using the readily derivable relationships (44)

kŒ(x)=
1
4
5kŒ 1x

2
2+kŒ 1x+1

2
26 (A.19a)

kŒ(x)=
1
9
5kŒ 1x

3
2+kŒ 1x+1

3
2+kŒ 1x+2

3
26 (A.19b)

kŒ(x)=kŒ(x+1)+
1
x2 (A.19c)

valid for any x, one finds

F
d2r
2p

K3
0(r)=−

1
18

53kŒ 12
3
2− 2p26 (A.20)

The consideration of (A.20) in (A.16) leads to

−11
3

“

“n1
+

2
3

“

“n2

2 D (1)

V
=53kŒ 12

3
2− 2p26 b2

1728
(A.21)

where (A.8) was taken into account. Finally, inserting (A.21) into (A.14),
the term of the order b2 is reproduced exactly in the exponential of the
small-b expansion (3.15), generated from the exact density-fugacity rela-
tionship (3.14).
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A.2. Large-Distance Asymptotics of Particle Correlations

In the Fourier picture, the OZ equation (A.6) reads

ĥssŒ(k)=ĉssŒ(k)+2p C
sœ=1, 2

ĉssœ(k) nsœ ĥsœsŒ(k) (A.22)

It follows from (A.5) that, at the lowest order in b (Debye–Hückel approx-
imation),

cssŒ(r)=bqsqsŒ ln r (A.23a)

ĉssŒ(k)= − bqsqsŒ

1
k2 (A.23b)

Consequently, from (A.22),

ĥssŒ(k)= − bqsqsŒ

1
k2+o2 (A.24a)

hssŒ(r)= − bqsqsŒK0(or) (A.24b)

and the asymptotic form of hssŒ(r) is

hssŒ(r) ’ − bqsqsŒ
1 p

2or
21/2

exp(−or) (A.25)

reproducing thus the expected result (4.9) with lssŒ=bqsqsŒ+O(b2) (4.13a)
and m=o[1+O(b)] (4.13b).

With the aid of Eq. (A.5), the direct correlation function is determined
up to the b2 order as follows

cssŒ(r)=bqsqsŒ ln r+
b2

2
q2

sq2
sŒK

2
0(or) (A.26)

Taking o−1=1/`pbn as the unit of length, one has in the Fourier space

ĉssŒ(k)=−bqsqsŒ

1
k2+

b2

2
q2

sq2
sŒ

ln[(k/2)+`1+(k/2)2]

k `1+(k/2)2
(A.27)
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The OZ equation (A.22) implies

ĥ11(k)=
1
d
3 − b+

b2(3+4k2)

4k `4+k2
ln 5k+`4+k2

2
64 (A.28a)

ĥ12(k)=
1
d
3b

2
+

b2k

4 `4+k2
ln 5k+`4+k2

2
64 (A.28b)

ĥ22(k)=
1
d
3 −

b

4
+

b2(6+k2)

16k `4+k2
ln 5k+`4+k2

2
64 (A.28c)

where the denominator is

d=1+k2 −
b(2+3k2)

4k `4+k2
ln 5k+`4+k2

2
6 (A.29)

The asymptotic behavior of hssŒ(r) is governed by the poles of ĥssŒ(k)
closest to the real axis. When b Q 0, the poles at k= ± i (or k2=−1).
In close analogy with ref. 19, to find the b-correction of these poles, it is
sufficient to expand the b-dependent part of the denominator d around say
k=i up to the first order in (k − i):

d=1+k2+
pb

24 `3
−

ib
108

(9+8 `3 p)(k − i)+ · · ·

=(k2+m2) 51 −
ib

108
(9+8 `3 p)(k − i)

k2+m2
+ · · · 6

=(k2+m2) 51 − b 1 1
24

+
p

9 `3
2+ · · · 6 (A.30)

where

m=1+
pb

48 `3
+O(b2) (A.31)

The prefactors lssŒ, defined by

ĥssŒ(k)=−lssŒ

1
k2+m2 (A.32)

are deducible from (A.28) (with numerators evaluated at k2=−1) and
(A.30),
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l11=b+b2 1 1
24

+
11p

72 `3
2+O(b3) (A.33a)

l12= −
b

2
−

b2

2
1 1

24
+

p

36 `3
2+O(b3) (A.33b)

l22=
b

4
+

b2

4
1 1

24
−

7p

72 `3
2+O(b3) (A.33c)

The large-distance behavior of hssŒ(r) is of type (4.9): the prefactors lssŒ

(A.33) and the parameter m (A.31) have the small-b expansions (4.13a) and
(4.13b), respectively, confirming thus the predictions of the form-factor
method.

APPENDIX B: COLLAPSE POINT

B.1. Density-Fugacity Relationship

Based on the analysis in Section 2 applied to our specific Q=2 case,
close to the collapse point b=4 (b=1), the two-body densities behave like

n12(r) ’ z1z2Oe if/2P|b Q 1 r−b/2 (B.1a)

n11(r) 3 r1 (B.1b)

n22(r) 3 r−1 (B.1c)

in the short-distance limit r Q 0. The average in (B.1a) is taken over the
cBD action (3.4) with b Q 1.

The one-body and two-body densities in a general Coulomb system
satisfy the electroneutrality sum rule (33)

− qsns=C
sŒ

qsŒ F ddr nssŒ(r) (B.2)

where s numerates the charged species. For our asymmetric 1/ − 1
2 2D

Coulomb gas, one has in particular

−
n
3
=F d2r n11(r) −

1
2

F d2r n12(r) (B.3a)

n
3
=F d2r n12(r) −

1
2

F d2r n22(r) (B.3b)
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It follows from (3.17) that, for fixed z1 and z2, the density n exhibits the
singularity of type (1 − b/4)−2/3 as b Q 4−. This singularity originates in
(B.3) as a result of the short-distance integration over the two-body densi-
ties n12(r) 3 r−b/2; neither n11 3 r1 nor n22(r) 3 r−1 give a diverging contri-
bution as b Q 4− after being integrated out over short distances r. The
problem with Eqs. (B.3) is that they imply the dependences of n on the
relevant (diverging) integral > d2r n12(r) with two different prefactors. We
have to admit that the collapse mechanism alters the form of the sum rules
(B.3). The particles can be divided into three basic groups: one third of
particles is of type 1 (charge q1=+1 and density n1=1/3), one third of
particles is of type 2 (charge q2=−1/2 and density n2=1/3) and the
remaining third of particles of type 2Œ (charge q2Œ=−1/2 and density
n2Œ=1/3) is excluded from the collapse phenomenon (they only feel the
charge +1/2 of each collapsed pair of 1,2-particles and do not enter into
diverging screening integrals). Under this assumption, close to b=4, the
electroneutrality sum rules (B.2) are modified as follows

− q2Œn2Œ − qsns ’ qs
g F d2r nss

g(r), s=1, 2 (B.4)

where 1g=2 and 2g=1. The couple of Eqs. (B.4) is consistent and implies
the only singular relationship

n ’ 3 F d2r n12(r) as b Q 4− (B.5)

We now put the short-distance expansion of n12(r), Eq. (B.1a), into the
integral on the rhs of (B.5) cut at some finite |r|=L (L is a length over
which the Coulomb interaction is screened) and obtain

n ’ z1z2Oe if/2P|b Q 1
3p

1 − b/4
as b Q 4− (B.6)

To evaluate the mean value of the exponential field, we apply the
conjectured formula (3.8) for a=1/2, b Q 1 and t=1. Consequently,

Oe if/2P|b Q 1 ’ `2 5z2

z1

C(3/4)
C(1/4)

11 −
b

4
261/3

× exp 3F
.

0

dt
2t
5 1

cosh t(2 cosh t − 1)
− e−2t64 (B.7)

288 Šamaj



where we have applied C(x+1)=xC(x). It is simple to show by using the
integral representation of the logarithm of the Gamma function (3.11) that

exp 3F
.

0

dt
2t
5 1

cosh t(2 cosh t − 1)
− e−2t64

=
1

(2p)2
12

3
21/2 C(3/4)

C(1/4)
5C 11

6
2 C 11

3
262

(B.8)

Eqs. (B.6)–(B.8) reproduce exactly the collapse singularity (3.17) deduced
from the exact density-fugacity relationship (3.14).

B.2. Thermodynamics

Although the thermodynamics of the system close to the collapse point
is derivable directly from the collapse n − z relationship discussed in the
previous subsection, there exists another simpler derivation in the spirit of
an independent-pair approximation by Hauge and Hemmer. (6) As was
already mentioned, close to the collapse point, from the total number of N
particles, N/3 particles of type 1 and N/3 particles of type 2 form pairs.
Their statistical weights contribute dominantly to the configuration integral

Q 3 5F
L

0
d2r r−b/26N/3

=5 p

1 − b/4
L2(1 − b/4)6N/3

as b Q 4− (B.9)

Thence

cex
V

kB
=b2 “

2

“b2
1 1

N
ln Q2=

1
3(1 − b/4)2 −

2
3(1 − b/4)

+O(1) (B.10)

in full agreement with the Laurent series (3.24).
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16. L. Šamaj and I. Travěnec, J. Stat. Phys. 101:713 (2000).
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